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Abstract-A perturbation method is developed to predict stability of parametrically elicited dynamic
systems containing multiple perturbation parameters. This method. based on the Floquet theorem
and the method of successive approllimations. results in a non-linear matrill eigenvalue problem
whose eigenvalues are used to prcdict lhc system stability. The mcthod is applied to a classical
circul'lr plate. containing elastic or viscoelastic inclusions. elicited by a linear transverse spring
rotating at constant speed. Primary and secondary resonances arc predicted. The transition to
instability predicted by the perturbation analysis agrees with predictions obtained by numerical
integration of the equations of motion.

I. INTRODUCTION

Parametrically excited systems usually contain a single excitation parameter" and take a
standard form

(I)

where q is a column vector. B is a diagonal matrix and H(') and C(·). s = o. ± I. ±2, ... , are
square matrices. When II: is small, perturbation methods such as the method of multiple
scales (Nayfeh and Mook, 1979) and the Krylov-Bogoliubov-Mitropolsky method can be
used to determine q analytically. Perturbation analysis shows that (I) possesses unbounded
response at particular values of 0 (Valcev, 1963; Hsu, 1963, 1965; Nayfeh and Mook,
1979). Elimination ofsecular terms evolving in the perturbation analysis gives the transition
curves identifying the stability boundaries in the ,,-0 plane.

Parametrically excited systems with multiple excitation parameters also arise in engin
eering. For example, circular saws with viscoelastic material placed in radial rim slots have
been used to inhibit thermal buckling of the plate and simultaneously increase its damping
without increasing its thickness. A rotating asymmetric saw, excited by stationary guide
bearings and the workpiece, can be modeled as a parametrically excited system with two
excitation parameters: the normalized stiffness" of the guide bearing and the dimensionless
measure of the inclusion size e (Shen and Mote, 1991b). The response of such systems
satisfies
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(2)

where C"(I:). 8(1:) and H"'(c) are convergent perturbation series in I: with

s=o
s#o (341)

One solution method specifies the relative order between I( and I: a priori (e.g. I( ~ eC
)

to transform (2) into a system with one perturbation parameter. Application of the existing
perturbation methods can then determine system stability for any relative order specified.
The process becomes unwieldy and arbitrary for several perturbation parameters and
relative orders.

The purpose of this paper is to present a new perturbation method for parametrically
excited systems that docs not require a priori specification of relative order among multiple
perturbation parameters. In this method. the response is reprcsented as a product of a
characteristic exponential and a Fourier series following the Floquet theorem. Then appli
cation of the method of successive approximation (Valeev. 19(3) results in a non-linear
matrix eigenvalue problem whose eigenvalues givc the characteristic exponents and stability
transition curves of the system. This method is applied to a classical. circular plate with
small e1astil' or viscoelastic inclusions to determine system stability and transition curves
when the plate is excited hy a linear. transverse spring rotating at constant speed.

2. STABILITY ANAl.YSIS

Consider an N degree of freedom parametrically cXl:ited systcm govcrned by (2) and
(3a 1:) with J. char:Kteristil: rrequelKies

(I), = (l)j + II,. i = j. j + I.... .j +:x - I

near Wj and It charactLTistic rn:quelKies

W, = (Ilk + II, ' i = k, k + I..... k + fJ - I

ncar Wk. in whidl II, is small compared with both Wj and Wk' Al:wrding to the Floquet
theorem.

(4)

where I' = 1'(1(.1:) is a eharal:teristil: exponent. Substitute (4) into (2) and collect tcrms to
obtain

where Iv is an .V x N identity matrix and u''') = (din) • ...• i/~)r. The equations in (5) are

where

c~nlU~f1' + I
~ "'" .(

.\

" /"'UII/ln = ()L. n/ II ...
q I

/I = o. ± l. ±2..... r = 1.2•...• N (6)
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e~"1 = e!"l (n,p) = (p+inn)2+ w:

f~;.Jl = (p+isQ)C~;-'1 +KH~;-Sl.

t021

(7a)

(7b)

Consider a characteristic exponent p(K, e) :l:: Po =: iWj at a particular combination res
onance n = no =: (wj+wt)'l. For such (no. Po),

where

1"1(1"\ ) 0 I'f (n, r) E yJf./c0,-1le, U'Q,PO = , (8)

Y}2·- 11 =: {(O,j).(O,j+ 1), ... , (O,j+~-I)} V {( -l,k), (-l.k+ 1).. ,.,( -1,k+fJ-I)}.

(9)

Equations (8). (9) and the definition (7a) imply that

{
o(I<) or 0 (6),

e~")(n.p) """ O(l),

Therefore, (6) can be rearranged as

if (n, r) E Yj2·- 1l

if (n, r) ¢ Y}2·- Il ·

for (fl.r) t y~.Ij. and

(lOa)

H." /cl-p.l

l.'~"I(n,p)Il~") "'" -L' l~;,'lll;')- L 1~·lllu~!Il- L l~;,-Illt~-I) (lOb)
.'.1/ y~1 I/-Ie

t .v
l'i.Jr (fl.r)E r:t II, where d!"1 = [e~")(Q,p)] -I "'" 0(0 and r = L L with (s.q)j y~:.-Il.

'S.t/ J' ........ 'f;; '/'" I

Il can be shown that (lOa) is a contraction mapping in an L, norm lIull, =: I' IU~'11 if e
',1/

:mu K arc small enough such th:lt the contraction constant

satisfies Jt < l. Therefore, Jl!"), (n,r)¢ n2·- /1 in (tOa) can be determined in terms of
li~'I, (fl. r) E Yj:·!1 by successive approximation to any precision independent of the relative
ordcrs of I< anu t. The numcr of iterations needed depends on the order of the perturbation
analysis. For second order pcrturbution anulysis, second iteration of the contraction map
ping (1041), with the initial condition U~sl = 0 for (s.q)¢ Yj2·- Il , results in

Substitute [u~IIIJm for U~l in (lOb) and retain terms up to second degree in 1~:.J) to obtain
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iB;~ /l J( vj'" )
BI _of, -fl .1-/)

- U v.. ,
( II )

where boldface indices j and k in (II) denote the index ranges j = {j. J+ 1, .... j+~ - I:
and k = {k.k+ I. .. .. k+/3 I}. Also.

and

i' =j.J+ I. J+x-I Ej

J = k.k+ I. ,k+/l-I Ek

with

Dlm.n} = ,'I'lm,'}c/I'}(O [') l'I"n} _j'lm,nJ
j'() t...... /f( II .. . II') . ;,,) •

\·,I(

Introduce two dctunings =and (1 detined by

( 12)

The existence of non-trivial solutions of (II) allows the determination of =in terms of rr.
Substitute (12) and (7a,b) into (II) and recall en =0 for s ::j; 0 to reduce (II) to a non
linear matrix eigenvalue problem

where:: is the eigenvalue for specillcd rr,

= [
COUll)C<ll> o ]

t[C\Ill]_ <d fl xJl
( I3b)

[

C' l )

CO): ~

o

o

(13c)

~J == diag Lu!. "/+ \_ •• , ,Il/+> - I]

~ .. == diag [Ji"lt. ~ I ••.. ,PIc+/l- d
(I 3d)



(

v~O) )

v = V~-I) • R(=) =
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(13e)

[

K(O)
K(O) = ii

• o( 0)IKkji _/) (13f)

"K(D ]I jkl/)

-KW/)

wilh

(13g)

(13h)

wilh indices

(I, h =j,j+ I. ,j+~-I ej

c. cI = k, k + I. ,k+ fJ - 1e k

and symmelry

K(i)T f'(i)
jkO) = ~kj( -/). i = 0.1.2.
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The eigenvalue ; for specified 0' in (13a) can be solved either numerically or through
perturbation as illustrated in the next section. In addition. (13a) is valid for any relative
orders of K and eas long as K and e are sufficiently small that ( lOa) is a contraction mapping.
The system is asymptotically stable if 1m [=] > O. A similar procedure applies for higher
order perturbations or systems containing additional perturbation parameters.

3. SPECIAL CASES

The stability ofq can be determined from (13a) through perturbation if a relative order
of K and e is specified. Three cases are examined. In each case the stability of the undamped
system is studied first. and then damping of order e is introduced. These cases 41rise in
asymmetric plates under a rotating spring with coefficient /(.

3.1. Primary resonances oj0 (/()
This instability occurs when /(<<E. /1,-0(,,). iEj.k. KO'-O(l}. P=iwi+i::.

/n = Wj+Wk +0'. and

(T - 0(1.:).

Undamped systems. C<n) = O. Let

and substitute (14) and (15) into (13a) to obtain

(14)

( 15)

(16)

( 17a)

D! = f>1 = [ 'K~I)
I.: kilo<"

K(lI) ]
" jk(/)

o . ( 17b)

Stability is predicted by the eigenvalue /(;* of VI' If 1m [,,;*] > O. then the system is
asymptotically stable up to O(K). If 1m [/(;"'] < O. the system is unstable. If 1m [K:"'] = O.
the system stability may be determined by 0(K 2

).

Damped systems. C<O) - Ole). Substitute (14) and (15) into (13'1) to obtain

(10)

where V 2 == V 1+ iC(O). Therefore.

( 19)

where u is the eigenvector corresponding to K;·. If Co . is positive definite. then iifCo;·u > O.
In addition. CO) - Ole) and D 2 - O(/() imply that iiTCO>u - 0(1:) and iiTD 2u - O(K).
Since K« E. (19) implies that 1m [K:"'] > O. Positive definite damping OlD) stabilizes the
undamped system asymptotically for K up to OlD).
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3.2. Primary resonances ofO(r.)
This instability occurs when K -- O(E). III -- O(r.). iej.k. K'O) -- 0(1). P = iWj+i:.

10 = Wi+Wk+O'. and

0' - O(r.). (20)

Substitute (15) and (20) into (13a) and recall K - 0 (r.) to obtain (16) for undamped
systems and (18) for damped systems. Since K -- O(r.). (19) can result in negative 1m [K:*].
Positive damping C(O) does not necessarily stabilize the undamped system. A sufficient
condition for stability requires Oz+C(O\ positive definite.

3.3. Secondary resonance OfO(K z)
This resonance occurs when K -- O(r.). Kj\~il -- O(e). K~O) = hil,. K~~) = hklp• hj.

hk -- O( I). K( I) - 0(1). Aj = Jljl .. .:\k = JlklJI. Jli' Ilk -- 0(1:). p = iWj+ i:./O = Wi+Wk +0'.

Undamped systems. Let

(2Ia)

(2Ib)

where 0'0 and :0 contain only first order tcrms of K and f.. Substitutc (21 a.b) into (13a) to
get

(22)

where U] = nl+jO~ with

OJ = GI =
[

Kh, . .Z '(1)
- .,--- (tdIJ +2/1I)ll-/\ Kill 01

_wJ

o

and

.·K(O) - •• 2K( I> ]
"jk(l) " jk(/)

o

Sccondary resonance occurs when Uo = 0 and [m [K 2:**] < O. This implics that

0'0 :;:: K{hJ+hk ) + IIJ +Ilk

:0 = KhJ+Ill'

Thereforc, the secondary instability region in the K-O plane surrounds the line

(23)

DampedsY:'items. C(O) - O(e). Substitute (14) and (15) into (13a) and recall K - O(r.)
as welI as K~~i) - 0 (I;) to obtain (16) except that U1 is replaced by U4 == Os + iC(O). where
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[
~.+KK.O

i'\.T J II
D, = Us =- 0 (24)

Damping always stabilizes the system at least up to O(K) for positive definite Co, because

where u is the eigenvector corresponding to the eigenvalue K::*.

For K" - O(c) the resulting equation would be (2Ia.b) and (22) with C 1 replaced by

(25)

A sufficient condition for stability requires D~+en, positive definite.

4. CIRCULAR PLATES WIT" SMt\LL I~CLUSIONS

The perturbation method is applied to a circular plate containing small clastic or
viscoelastic inclusions to predict its stability under excitation by a linear. transverse spring
rotating at constant speed. The transition curves in the h'Q plane arc compared to those
obtained from numerical integration of (2).

4.1. Thcoretical h(/ck.(/1'o/llul
Let I: be a small. dil1ll.:nsionless measure of the inclusion size (e.g. ratio of the areas of

the inclusions and the plate). The normalized eigensolutions lp"", (r). Ii",,, of the asymmetric
plate. represented in terms of normalized eigensolutions 4J'I(r). (II" of the corresponding
axisymmetric platd, an:

and

t/J",,,{r) = 4>mn(r) + L L [W;"I;,;+t:"a;'~;ii+" '](p'J{r)
i ... Oj"-i~

(26a)

(26b)

where p;':;. Jl~2; and a;"I;,; have been determined analytically by Shen and Mote (199Ia). In
addition. some normalized eigenvalue pairs lImn and IIm,n, that arc repeated (wmn = W m. • j

in the axisymmetric plate. are distinct (split modes) in the asymmetric plate with

tifI,,,,, := II",,, -1/"" n - ()(I:). (27)

while the remaining eigenvalue pairs remain repeated. The plate response lr(r, t) admits an
eigenfunction representation

tw..... is normah/cd as f/}>rUf :: (fj'''l't/W~f' (IJ ..." is the eigenvalue corresponding to the cigcntnoJc with ,n nodal
circles and" nodal diameters of the axisymmetri.: plat.:. ;ll1d (ll" is th.: .:riti.:al sp.:.:d of the plate. i,.:,

w" '" Min {'~;m; m = O. l, .... n = 1. 2..... }.

Th.: explkit cxpr.:ssions of <Pm.(e) ar.: as follows. When n = O. </,,,,,,(rl = R..,,,lr). When 11 > o. "'",.Ie) =
Rm.(rl cos (,,0) and 'b ..,. _.Ir) '" R.•• lr) sin 1,,0), R..",( r) is a Iin.:ar comhination of Oessers fun.:ti'lns satisfying
houndary conditions at hoth rims and the orthonormality .:ondilion

If' .P "/>..,,,(r),PN(r) d .. / = ')"""",,

wh.:rc A and h arc thc domain and outer radius of the plat.:. rcspectively, Similarly. JI",.. is normalized as
P",. '" 1I_lw". where P",_ is th.: asymmetric plate eigenvalue,
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(28)

Po. hand b are density. thickness and rim radius of the plate, respectively. t = (.Ocr i is a
normalized time. t is the physical time. and q",,,(t) is a generalized coordinate.

When the asymmetric plate is excited by a spring rotating at normalized rotation speed
n '= O/wcralong a circle at r ='0' Shen and Mote (199Ib) showed that q. the vector of q",,, (t),
satisfies (2) and (3a-c) in which C(OI(e) - 0(<:) is positive definite, B(e) is diagonal with
elements P~". and

27t
T=o (29)

where "'(rn.fit) is the vector of !/Imn(r) evaluated at r = ro and 8 = Ot. Therefore. the
perturbation analysis and the special cases in Sections 2 and 3can be applied to predict the
stability of the asymmetric plate/spring system.

4.2. Primary ins(ahility

Primary resonance of 0(1\). (1.:« f;). Let the inclusions be elastic and consider two
vibration modes '/!m,,(r) and !/I1;(r) with eigenvalues fJ",,, and Pi;' fft/tmn(r) and t/tl,(r) arc split
modes. then as specified in Section 2

because a pair of split modes !/Imn(r) and !/1m, ,,(r) arc not approximately repeated when
1\« !iffmn lcI (27»). Substitute (26b) into (29). and recall the definition ofK(O) in (130 and
the explicit expressions of ¢" to obtain

I
• (II) 12

K«() _ 'III.

kk - /f .
'J

(30)

where

'J,I,n.,,1 = "I",-nnl = ,.1 Rm,,(ro), Inl .-( -nl i R () 0
i i )'",.-n = '1"'.-11 = - 2 mn r(). n> .

According to Section 3.1. resonance occurs at

The width (J of the resonance is determined by the eigenvalue K:* of U I satisfying

Therefore, the system is unstable when

(31 )

(32)

where the superscript (±l) corresponds to instability associated with I = In ±Jl
If t/t",nn(r) and t/I",.-n(r) arc repeated modes and t/t.}(r) is a split mode. then a similar

approach results in resonances (31) when
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(33)

Similarly. if ,~,",,(rL ,/I", ,,(r) and '/!.I(r). 1/1, I(r) are two pairs of distinct repeated modes.
then the system is unstable when

(
1"''''1: !,,' ", :)! '"lI"ln,.,I' III

I(J"*- ,-,,,,,', + "'I I .:< - ',,,-,nel"-,._
/i,,,n /1'1 / -..0: ,If -ii' .

" "U, I r

(34)

The thn:shold rotation speed of the primary resonances nth = (fJmn+{J,,),ln±JI [ef
(31)] occurs at supercritical speed (i.e. nth> I) and below the critical speed within O(e:)
[i.e. nth -I ~ O(i:)] as follows. Equation (26a) implies that

, +. ,[ III Il'Jr\ () I1m, eJ I (, Jl"", Jllj .,
~~,h =_.-:' + I ' . '"l +:,- + Ole)

III±/I ,II±JI _(I)"", _(I)"

in whidl

(I)",,, +,I!)" '(co",'' U,)")~Mln . ):1.
IlIii!' 1111 Iii

Th.:n:fore. n'h > I when the inelJuality holds. and nth - 1 ~ 0(1:) when the elJuality holds.
When the inclusions arc viscoelastic. positive dclinite damping CO'(I:) ~ O(i:) sup

presses all the resonances for 1\ « i: according to Section 3.1. It can also be shown that (32)

and (3.'\) arc valid whcn 'p,,(r) is an axisymmetric mode (i.e.i = 0) with I':::' = R,o(ro ).

I'rill/an' 1'('\(111111/('(' o!O(;:), [/\ ~ 0(/:)1. Let the inelusions be clastic. and consid.:r the
combination resonanc.:s cilised by a pair of split modes ,p"",(r). 'P,,,. ,,(r) and a pair of
repeated modes '1I,,(r). tfl, I(r), Silh.:e the pair of split modes ,p",,,(r) and 'Pm, ,,(r) are almost
repeated becaus.: I( ~ I\/i"",. as specified in Section 2

with

"J. = /i = 2. /\" diag [0. [\/i"",] ~ 0(1:), C\k = O. 1= III±ill- 0

(35a)

(35b)

K,I,
II

I_,'''' I :
= ,nlfl I ~

{t
llin

.. ~
K'"kk

1"""1:
_ 101 I
- lIlt >

",,,,,.,1 ",,/,1 [ I
K 0 1011111/ .

jkUJ =
'1 //' /' - i
- '\.:1 J"m )//

=+= iJ
=+=l'

(36)

Th.: instability /(lne is then lktermined in Section 3.2 with (35a.b) and (36). Unlike para
metric resonanc.:s Ill' O(l\'l. a close form expression such as (33) cannot be obtained becaus.:
L\ I- n.

When 1\'« I:. two separate primary resonances or ()(I.:) occur as predicted by (.'\3).
Wh.:n n: ~ 0 (I:). only one primary resonance of 0 (I:) occurs as predicted in Section 3.2.
This implies a coalescence <It h' ~ 0(1:) of two separate combination resonan.:es emanating
from

and n = /1,,,, ,,+ /1" .
III ±il

This coalesc.:nce of instabilities occurs only when a pair(s) of split modes participatc(s) in
th.: instability. For instahilily not involving splitll1odes. the results for n: « f: in (.\ I) to (:\4)
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apply for,.;; - O(e) because U I = U~ in the undamped system. When damping is present.
instability zones are determined by the eigenvalues ,.;;:* of U~.

4.3. Secondan- instahiliH'
Let the i~clusionsb~ elastic. and t/Jmn(r) and t/J'j(r) be split modes of the plate. Consider

and note that

(37)

for I ¥- In ±jl [(I primary instability (30)]. According to Section 3.3. the instability is
secondary and is centered with respect to a straight line

(l '\Jln)l~ I"(I)I~)
tn. = 1\ ~ + _"_,-. +!1mn+Pij

{J",n PI 1

and the unstable zone width (T** satisfies

(38)

(39)

where Ir K( I> is the trace of K( I>.
Secondary instabilities involving repeated modes or axisymmetric modes can be found

in a similar manner. The resulting instability zones in the 11:-0 plane will also be centered
with respl.'Ct to (38). If dumping 0(1:) is present, secondary instability will be suppressed
for 1\ - 0(1;).

4.4. Numerical examples
Stability of the platelspring system. studied numerically by Shen and Mote (1991 b), is

predicted by the perturbation method. The plate is a uniform Kirchhoff circular plute with
three evenly spaced, radial inclusions. The plate is fixed at rib = 0.5 and free at rib = I.
The inclusions each span a smull angle e = 0.035 radian (~2"), are located at 0 = 0', 120'
and 240 , and extend from rlh =0.75 to rib = 1. The inclusions are elastic or viscoelustic.
For clastic inclusions. the material properties satisfy

p~ E~- = ._- = 0.5; (To = O'~ = 0.3
Po Eo

(40)

where p. E and 0' are density, Young's modulus and Poisson's ratio. The primed quantities
refer to the inclusions and the unprimed to the plate. For viscoelastic inclusions. the material
damping satisfies

(41 )

in addition to (40). Furthermore. the plate is subjected to a transverse spring rotating along
the circle rib = I. A split mode pair t/Jo.-J(r), t/JOJ(r) and an axisymmetric mode t/Joo(r) are
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used to predict transition curves in the I(-Q plane. The eigensolutions used are shown
explicitly in Shen and Mote (l99Ib).

Figure I shows primary resonances when the inclusions are elastic. The solid lines are
predictions from the perturbation analysis and the points are from numerical integration
of (2). The perturbation solution results from (31) to (34) for K « e, and from (35a,b) to
(36) for I( - 0 (e). These two parts are then matched at instability coalescence. In Fig. l.
three primary instability branches emanate from Q = 0.998. 1.002 and 1.007 representing
the parametric resonance of !/J o. _,Ir!. combination resonance of the sum type for !/Jo. J(r)
and !/J03(r) and the parametric resonance of '/tlll(r) in that order. They coalesce when
I( > 0.08. Similarly. two primary instabilities originating from Q = 1.702 and 1.711 are the
combination resonances of!/Jo,,(r). '/til. dr) and l/t.",(r). I/lo,(r). respectively. They coalesce
when I( > 0.04. The perturbation and the numerical integration predictions of the stability
transition are in close agreement.

Figure 2 shows secondary resonances for elastic indusions. The perturbation solution
is predicted in Section 4.3. Both supercritical and subcritical unstable zones in the I(-Q

plane are found. and most of them are very narrow. Only the larger ones are shown in Fig.
2. Three secondary resonanccs from Q ::::: 2.D are from intcraction between !/J01(r) and
!/Jo. _,(r). The onc from n::::: 1,42 is causcd by I/lo,,(r). TVio subcritical instabilities from
Q :::::: 0.85 are caused by !/J o,,(r), ,/1 0,( r) and 1/1 II. d r). Thc pcrturbation solution deviates from
the numerical one for h' > 0.5.

Figurc J shows primary resonanccs for viscodastil.: indusions. Damping suppresses
resonanl.:es for h' « I: as pn:dided. Pnturbation solution for h' - 0(1:) predicts the transition
I.:urves. The perturhation alld the nUllll:riGll solutions arc in good agreement. Also notke
that thc unstahle zone ncar n ::::: 1.71l is wider than it is in hg. I hecause of dispar,lte modal
damping in I/lodr). '/10. ,(r) and '1IolI(r).

Primary Resonances of Undamped Plates

•••• Numerical Integration n ............
-- Perturbation @

U - Unstable ..

S - Stable

1.85 r---------------,

c:

1.06

1.04

1.02

1.00

S
0.9lb.o 0.30

IC

Fig. I. rrimary resonance ,t;lhilily hnunJary ()f a plate 'spring sy,tem with three clastic inclusions
predicted hy thn:e mode anal)'", '/I" ,tn. '/I",(r) and '/I,,,,(r).
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Secondary Resonances of Undamped Plates

••• • Numerical Integration n ........
-- Perturbation @K

U-Unstable

5-5table

2.15,.---.....;;;.r---.,.;....---....;;,;;

2.1

c:

0.0 0.3
IC

Fig. 2. s..:conuary fI.-sonanee stahility ooundary ofa plate/spring system with three clastic inclusions
predicted oy three llIode analysis ,/I". ,(r). '/I'JI(r) and '/I",,(r).

Primary Resonances of Damped Plates

U

5

U

s
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Fig. J. Primary resonan<:c stability boundary of a plate spring system with three viscoelastk
indusions predkted by three mode an:llysis "'0._ J(r). ""J(r) and "'.o(r).
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5, CO~CLCSIO~S

A perturbation method. based on the Floquet theorem and the method of successivc
approximations. is developed to determine the stability of parametrically excited systems
containing multiple perturbation parametcrs. This method is illustrated by prcdicting the
stability of a circular classical plate with elastic or viscoelastic inclusions subjected to a
rotating transverse spring.

Primary resonances occur at supercritical speed or below critical speed within 0«;),
Their occurrence can be predicted analytically for I-.: «£. Each split mode causes distinct
instability zones for 1-.:« £. These zones coalesce when I-.: - 0(;;). Damping Old by the
inclusions suppresses primary resonances for I-.: « 1:.

Secondary resonance zones in the 1-.:-11 plaine are centered about straight lines predicted
analytically by (38). Secondary resonances occur at subcritical speed for I sufficiently large
though the unstable zones in the 1-.:-11 plane are often narrow. Damping a (0;) in the inclusions
supprcsses secondary resonances for I-.: - a (I:).
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